Abstract
I. INTRODUCTION
The flow of bubbles and beer in a 'tulip' pint glass is very complex, and can only really be the ability to reproduce a phenomenon in a simulation does not always lead to a better 88 understanding of that phenomenon, any more than observing it in the real world does.
89
This can clearly be seen from the fact that it was 13 years after the first reported CFD 90 simulation 'explaining' the sinking bubbles that the crucial role of the geometry of the glass 91 in determining whether bubbles are seen to sink or rise was recognised.
92
In this paper we take inspiration from the measuring cylinder experiments discussed above 93 and create a simplified set of equations which can describe this situation. Our approach is 94 to derive a set of equations containing only those terms which physical intuition suggests are 95 the most important and then use dimensionless numbers to confirm that the terms neglected 96 are negligible. The geometric and physical parameters used are given in Table I .
97
The geometry under consideration is shown in Fig. 1 . We consider a 'two-dimensional 98 cylinder' consisting of two parallel plates tilted at an angle θ to the vertical. For simplicity 99 the word 'cylinder' will still be used to describe the system. The height H is much greater 100 than its length L. We take a coordinate system embedded in the cylinder so that the x-axis 101 is perpendicular the axis of the cylinder and the y-axis is parallel to the axis of the cylinder.
102
The variables of the system are
103
• φ the volume fraction of the bubbles
104
• u the velocity of bubbles in the x direction
105
• U the velocity of beer is the x direction
106
• v the velocity of bubbles in the y direction • V the velocity of beer in the y direction
107

108
• p the pressure in the system
109
In discussions below the words 'horizontal' and 'vertical' and 'up' and 'down' refer to the 110 x-y coordinate system embedded in the cylinder.
111
The key assumptions we make are that the bubble size is small (the question of what this 112 means in practice is discussed below) and that L H. In most cases the actual size of the 113 bubbles r = 61 µm, will be sufficiently small to justify the simplifications we make: we will 114 discuss in more detail cases in which this is not true. The fact that L H suggests that 115 there will be a slow variation in properties in the y direction compared to the x direction.
116
Thus we assume that all the system variables are independent of y. That is to say that φ, 117 u, v, U and V are functions of x and t only. (The pressure, p, is a special case that will 118 be discussed later.) Note that it does not follow from this assumption that v = V = 0:
119 although quantities do not, to a first approximation, depend on y there is no prohibition 120 against vectors pointing in the y direction.
121
When coupled with the assumption that both the bubbles and the beer are incompressible 
In particular these equations tell us that for motion in the x direction beer and bubbles must 122 be travelling in opposite directions whilst for flow in the y direction there is no prohibition 123 against beer and bubbles moving in the same direction-so as long as the overall flow is 124 circulatory in nature so there is no net flow through a horizontal surface.
125
The small size of bubbles leads to a number of further simplifications. The trajectories can neglect time derivatives for flow in the y direction.
138
These considerations suggest the following equations for φ(x, t), u(x, t), U (x, t) and V (x, t). For flow in the x direction:
with a constitutive equation describing u − U as a function of φ described in Sec. III. For flow in the y direction:V
where the pressure p is discussed in more detail in Sec. IV. In the sections below we show 139 that this system of equation is sufficient to produce a model in which sinking bubbles appear.
140
III. FLOW ACROSS THE CYLINDER
141
As discussed above, the equations describing flow across the cylinder are
The first equation follows from the incompressibility of beer and bubbles, the second de- beer only depends on φ:
where u Stokes is the (horizontal) Stokes velocity,
To solve these equations we eliminate u and U to get a partial differential equation for φ.
This equation can be solved using initial condition φ(x, 0) = φ 0 ≈ 0.02, and boundary
152
A variety of forms can be taken for f (φ), 15 here for simplicity we assume that bubbles either move at the Stokes velocity when the beer density is low or come to rest when the bubble density is at a similar level to that found in the foam forming head of a pint:
where φ Head ≈ 0.8 is the bubble volume fraction of the head of a pint of beer.
153
Since this equation is a hyperbolic first order partial differential equation it can be solved 154 using the method of characteristics. This shows that the system separates into three regions.
155
A region containing only beer (φ = 0), a region containing bubbly beer (φ = φ 0 ) and a region 156 containing foam (φ = φ Head ). There is a discontinuous change in φ at the interfaces between 157 these regions, so to find the positions of these interfaces as a function of time the Rankine-
158
Hugoniot jump conditions for describing shocks must be used to find the location of the 159 shock separating beer from bubbly beer x 1 (t), and the location of the shock separating 160 bubbly beer from foam x 2 (t).
161
However, once the structure of the solutions has been recognised it is much easier to deduce the locations of the shocks from physical principles. The interface between beer and bubbly beer, x 1 , must be moving upwards from x = 0 at the same speed as the bubbles so
The location of the second shock x 2 separating bubbly beer and foam can be calculated from conservation of bubbles. That is to say we must have
We can solve this equation to give
These results are illustrated in Fig. 2 . Eventually these two shocks will collide to give a 
IV. FLOW ALONG THE CYLINDER
165
As discussed above flow parallel to the walls can be described in terms of the motion of a single fluid with a velocityV and density depending on x. The equations describing the
The first equation follows from the fact that the bubbles and beer are incompressible, and we approximate x 2 by L. We therefore assume that
and that the boundary conditions areV = 0 when x = 0 or x = L.
177
The second consideration is the neglect of the inertia terms in the equation. This as-178 sumption is discussed in Appendix A 2. As discussed in that appendix this assumption is 179 valid in the small bubble limit, but, strictly speaking, the size of bubbles actually found in 180 stout beers are not small enough to justify this assumption. For simplicity we continue to 181 make this assumption and discuss the consequences of relaxing it in Sec. V.
182
The third consideration is the role of the pressure p. Above it was stated that all the 183 fields of the system φ, u, v, U , V were only dependent on x and independent of y. This is 184 not quite true for p, here it is the pressure gradient ∂ y p that is independent of y. In fact 185 in order to preserve the y-independence of the velocities ∂ y p must be independent of x too.
186
Thus the y-component of the pressure gradient is a constant which we denote by p y . The 
when 0 ≤ x < x 1 , and foam predicted in Sec. III will be replaced by transition regions in which φ gradually changes.
217
However, this gradual rather than abrupt change will not affect the main conclusion that 218 sinking bubbles will be observed.
219
The assumption that our variables are not functions of y is valid only far from the 220 bottom and the top of the cylinder. Much more complex two dimensional flow patterns will 221 be seen in these regions. It seems unlikely that these can be modelled without resorting to 222 numerical simulations. However the existence of the bottom of the cylinder is important in 223 our calculation since the impermeable base is the origin of the constraint that the net flow 224 through a horizontal surface must be zero.
225
An additional assumption made was the neglect of inertia terms in the momentum equa- 
234
Finally the observed flow patterns of sinking bubbles are much more complex than has been described by this model: as is well known the sinking bubbles form waves. A one dimensional model of this phenomenon has been presented 6 . However the shear flow shown in Fig. 3 suggests an alternative mechanism based on shear instability. The most commonly discussed form of shear instability is the Kelvin-Helmholtz instability seen when there is a transverse discontinuity in the velocity. This would be observed in our model in the limit µ → 0. However shear instabilities are also possible in viscous fluids. In case of inviscid flows it is known that a strong indicator that a flow will be unstable is the existence of an inflection point at which the shear gradient ∂ 2 yV changes sign. Differentiation shows that ∂ 2 yV always changes sign at x 1 , suggesting that such an instability is present.
A complete analysis of the instability of the flow is possible but would be very complex.
235
Investigating the instability would involve a more complex series of equations with the 236 missing t and x derivatives reinstated.
237
VI. CONCLUSIONS
238
The sinking bubbles of stout beers are an everyday example of a complex two phase flow 
In making this assumption we are neglecting virtual mass forces. The magnitude of virtual 257 mass forces acting on a single bubble will be
where C VM is a dimensionless order-1 coefficient we take to be unity for simplicity here, 
by balancing viscous and buoyant forces.
278
The validity of assumption (1) that bubbles and beer can be considered as moving together 
285
The final assumption is the neglect of inertial forces. The magnitude of these can be 286 approximated by f inertial = ρ beer V scale /t scale , where the relevant timescale t scale is that of the 287 motion of bubbles in the horizontal direction since it is the horizontal motion of bubbles 288 driving the whole process. For our analysis to be correct the ratio of inertial to viscous 289 forces should be small. In fact we have
This shows our analysis is not strictly correct. However since the ratio is proportional to 291 r 2 (via the Stokes velocity), so if the bubble radius is small enough the analysis will be 292 valid. A numerical calculation of the velocity field with inertial terms included is discussed 293 in Appendix B.
294
As discussed above the assumption that flow in the y direction could be treated as qua- 
where M is a tridiagonal matrix, 1 is a vector of 1's and b is a vector. p y is chosen so that 306 v · 1 = 0 (the discrete equivalent of Eq. (14))
The results of a numerical calculation of the velocity is shown in Fig. 4 and shows that 
